High harmonic generation driven by two--color counter--rotating circularly polarized laser fields was recently demonstrated experimentally as a breakthrough source of bright, coherent, circularly polarized beams in the extreme ultraviolet and soft X--ray regions. However, the conditions for optimizing the single--atom yield are significantly more complex than for linearly polarized driving lasers and are not fully understood. Here we present a comprehensive study of strong--field ionization -the complementary process to high--harmonic generation -driven by two--color circularly polarized fields. We uncover the conditions that lead to enhanced electron--ion rescattering, which should correspond to the highest single--atom harmonic flux. Using a velocity map imaging photoelectron spectrometer and tomographic reconstruction techniques, we record three--dimensional photoelectron distributions resulting from the strong--field ionization of argon atoms across a broad range of driving laser intensity ratios. In combination with analytical predictions and advanced numerical simulations, we show that "hard" electron-ion rescattering is optimized when the second harmonic field has an intensity approximately four times higher than that of the fundamental driving field. We also investigate electron-ion rescattering with co--rotating fields, and find that rescattering is significantly suppressed when compared with counter--rotating fields.
I. Introduction
Intense femtosecond lasers can drive light--matter interactions on attosecond time scales, making it possible to coherently manipulate electron dynamics in quantum systems. The interaction of a strong laser field (~10 14 Wcm --2 ) with atoms or molecules gives rise to many phenomena, including strong--field ionization (SFI) [1, 2] and high--harmonic generation (HHG) [3] . In HHG, coherent beams of extreme ultraviolet and soft X--ray light are generated [4] [5] [6] [7] [8] [9] , making it possible to implement coherent imaging of nanostructures with wavelength--limit spatial resolution [10] [11] [12] , as well as uncovering new mechanisms for spin dynamics [13] [14] [15] and energy transport [16] , all using a tabletop scale apparatus. Similarly, SFI has emerged as a breakthrough technique for probing the structure and dynamics of atoms and molecules, often with angstrom spatial resolution and attosecond temporal resolution [17, 18] .
For linearly polarized driving laser fields, SFI and HHG are commonly described using the three step model [19] . In this model, first the neutral atom or molecule undergoes tunnel ionization where an electron is liberated into the continuum (step one). Next, the laser field accelerates the electron in a trajectory that depends on the exact phase of the laser field when the electron tunnels into the continuum, as well as the initial momentum of the electron (step two). Most electrons do not significantly interact with the parent ion after the tunnel--ionization step, and correspond to the "direct" electrons detected in SFI. However, some electrons are driven back to the parent ion, often at very high kinetic energies (step three). In HHG, the electron recombines with the parent ion and releases its kinetic energy in the form of a high--energy photon. In SFI, the electron can elastically scatter from the parent ion. It is these rescattered electrons that can encode the structural information of the parent atom or molecule [17] and also provide insight into the fraction of the wavepacket that can undergo HHG [20, 21] .
In contrast to linearly polarized fields, a circularly polarized laser field drives the electrons away from the parent ion, thereby suppressing electron--ion rescattering and HHG. However, rescattering and HHG may still occur for various reasons, including quantum--mechanical wavepacket spreading, the finite extent of the ionic wavefunction, and the nonzero initial momentum of the liberated electron. Still, for many years, the direct generation of circularly polarized beams via HHG was considered highly inefficient, if not impossible. Fortunately, theoretical schemes for generating circularly--polarized HHG using counter--rotating two--color laser fields have been proposed [22] [23] [24] [25] . As recently demonstrated experimentally, when implemented in a phase matched geometry [26] , bright, circularly--polarized extreme ultraviolet [22] [23] [24] [25] [27] [28] [29] and soft X--ray [30, 31] beams are produced. These driving laser fields generate exotic waveforms that can drive electrons back to the parent ion in two--dimensional trajectories [32] , separating the tunneling and rescattering angles, and providing new possibilities for studying molecular dynamics on the ultrafast time scale. The influence of the Coulomb potential on laser--driven electrons in such laser fields has already been confirmed experimentally by observing a low energy structure in the photoelectron distribution generated by SFI using counter--rotating fields [33] .
While circularly--polarized HHG is already serving as a breakthrough light source to study magnetic materials [28] [29] [30] [31] and chiral molecules [34] , there remain open questions regarding how the two fields might be optimized in order to provide brighter and higher energy light sources. For example, it is not clear what ratio of driving laser intensities best optimizes the energy, flux, and bandwidth of the circularly--polarized high--harmonic beam. Additionally, some studies have suggested that electron-ion recollision may also be possible with co--rotating fields [35] [36] [37] , and indeed HHG using co--rotating fields has been reported experimentally, although with extremely low yield [22] . It is not straightforward to explore these ideas directly through HHG, since the experimentally observed harmonic spectrum and flux is typically dominated by macroscopic phase--matching effects, which although critical for applications, can conceal the single--atom physics.
In this study, we directly observe the single--atom physics of strong--field ionization of atoms in two--color counter--rotating and co--rotating laser fields by recording the photoelectron distributions that result from SFI. We gain a deep understanding of the laser--driven electron dynamics through a systematic comparison of experimental data with a comprehensive array of theoretical models, including fully quantum--mechanical simulations using the time--dependent Schrödinger equation (TSDE), numerical simulations within the improved strong--field approximation (ISFA), intuitive calculations using the classical trajectory Monte--Carlo (CTMC) method, and straightforward analytical expressions using the simpleman's model (SMM). We find excellent agreement between our experimental results and the more sophisticated theoretical models (TDSE and ISFA). We also find qualitative agreement with the simplified models, which provide considerable physical insight into two--color circularly polarized strong--field ionization.
Additionally, in contrast to previous studies that only observed low--energy rescattered electrons [33] , we make the first observations of high--energy rescattered electrons resulting from SFI driven with two--color circularly polarized fields. In agreement with our theoretical models, we find that the yield of high--energy rescattered electrons is optimized for a !! / ! ratio (the intensity of the second harmonic field divided by that of the fundamental field) of ~4. This finding has important implications for optimizing circularly--polarized HHG. Also, we observe significantly reduced electron--ion rescattering from co--rotating fields compared to counter--rotating fields, suggesting that the single--atom HHG flux is optimized by using counter--rotating laser fields, as opposed to co--rotating fields.
II. Experimental Setup
To study SFI driven by two--color circularly polarized laser fields, we used a velocity map imaging (VMI) spectrometer [38] to generate two--dimensional (2D) projections of the three--dimensional (3D) photoelectron momentum distributions and recorded them using a microchannel--platephosphor--screen detector (Beam Imaging Solutions) imaged by a CCD camera (Fig. 1a) . The fundamental laser pulses (4 kHz, 790 nm, 45 fs, 3 mJ) were derived from a Ti:sapphire regenerative laser amplifier (KMLabs Wyvern HP), while the 395 nm pulses were obtained via second harmonic generation in a 200--μm--thick beta barium borate (BBO) crystal. Dichroic mirrors were used to separate, and later recombine, the fundamental and second harmonic in a Mach-Zehnder geometry. A delay stage was placed in the 395--nm arm to control the relative time delay of the laser pulses. Waveplates (λ/4 and λ/2) were placed in each beam to separately control the polarization of the 395--nm and 790--nm laser pulses. To control the relative intensity, a λ/2 waveplate and thin film polarizer were placed in the 790--nm arm. Additionally, a one--to--one magnification telescope consisting of two lenses was placed in the 790--nm arm to compensate for chromatic aberration in the final focusing lens. The laser pulses were then focused into a skimmed supersonic jet of argon gas. The fundamental and second harmonic fields were combined in two distinct cases: with the laser fields counter--rotating (opposite helicity), and co--rotating (same helicity).
One method to understand the physics of strong--field ionization under two--color circularly polarized fields would be to directly record the photoelectron distribution in the plane of the laser polarization (xy--plane). However, the plane of laser polarization is oriented orthogonally to the detector and information in the x--direction is lost. Fortunately, the complete 3D photoelectron distribution can be recovered by applying a tomographic reconstruction algorithm [33, 39] to many 2D projections recorded at different angles. Conveniently, as the relative time delay between the 395--nm and 790--nm fields is varied, the shape of the combined field remains fixed, but rotates around the laser--propagation axis. In the experiment, we recorded photoelectron distributions as a function of the time delay between the fundamental and the second harmonic, using a step size of 133 attoseconds. The inverse Radon transform (numerically implemented using the filtered back projection method) [40, 41] was used to reconstruct the 3D distributions. The validity of the 3D photoelectron distributions obtained using the tomographic approach was confirmed by comparison with numerical solutions of the time--dependent Schrödinger equation (Appendix B).
The intensity in each beam was independently calibrated from the peak of the photoelectron momentum distribution for a one--color circularly polarized laser field, which exhibits a peak at the ponderomotive energy [42] , defined as
, where is the intensity and ! the frequency of the driving laser, is the charge of the electron, is the speed of light, ! is the mass of the electron, and ! is the vacuum permittivity. The total laser intensity was then held roughly constant, between ~1.7×10 !" Wcm --2 and 3.0×10 !" Wcm --2 , as the !! / ! ratio was increased from 0.6 to 37.
FIG. 1. (Color online) (a)
The experimental setup used to study strong--field ionization in two--color ( ,2 ) circularly polarized fields. The experimental apparatus consists of a femtosecond laser system, a Mach--Zehnder interferometer, and a velocity map imaging spectrometer. (b) Experimentally measured 3D photoelectron momentum distributions at different intensity ratios for both co--and counter--rotating fields.
III. Experimental results
Photoelectron momentum distributions from SFI in both co--and counter--rotating fields were measured at a number of relative intensities [Figs. 1(b) and 2]. In general, the shape and symmetry of the distributions differ substantially between the two cases. For the co--rotating case, when the field intensities are roughly comparable [ Fig. 2(a--c) ] the photoelectron distributions consist of a single crescent--shaped lobe due to the fact that the electric field maximizes only once per 790--nm laser cycle [33] . When the second harmonic field is much stronger [ Fig. 2e ], a torus--shaped distribution is generated that resembles SFI from a one--color circularly polarized laser. In addition, as the !! / ! ratio is increased, the ! of the two--color field decreases, and the electrons are driven to lower final momenta. (Note that the ! of the two--color field is simply the sum of the ! of each field, and that the low intensity "spikes" that extend radially from the distributions are artifacts generated in the reconstruction algorithm.)
In contrast, the photoelectron distributions in the counter--rotating case are extremely sensitive to the exact intensity ratio of the driving lasers. For counter--rotating fields with roughly equal field strengths, three ionization events occur per 790 nm laser cycle [33] , which produce photoelectron distributions with threefold symmetry. When the !! / ! ratio is at its lowest [ Fig. 2f ] the distribution takes on a triangular shape and the electrons are driven to relatively high momenta. When the !! / ! ratio is increased to ~2 [ Fig.  2g ], the familiar "three--leaf clover" distribution [33] is generated. As the !! / ! ratio is increased further to ~9, the distribution moves to near--zero momenta [ Fig. 2h ]. As the !! / ! intensity ratio is increased to its highest values [ Fig. 2i ,j], the photoelectron distribution takes on a toroidal shape similar to that generated by a one--color circular polarized field. Interestingly, the toroidal distribution from the counter--rotating fields [ Fig.  2j ] is not identical to that from co--rotating fields [ Fig. 2e ], indicating that even a small amount of fundamental light can have a significant effect on the photoelectron momentum distribution.
FIG. 2. (Color online) Photoelectron distributions for co-- (a--e) and counter--rotating (f--j) fields for various intensity
ratios of the 395--nm (2 ) and 790--nm ( ) driving lasers. The shape of the distributions from co--rotating fields is not highly dependent on the intensity ratio, and the electrons are driven to lower final momenta as the !! / ! ratio is increased. For the counter--rotating cases, the shape of the momentum distributions is much more sensitive to the exact intensity ratio. The white, yellow, and red rings correspond to 2, 5, and 10 ! , respectively.
In addition to measuring the photoelectron distributions corresponding to the direct electrons (relatively low energy), we make the first experimental observation of high--energy rescattered electrons in two--color circularly polarized fields [ Fig. 3 ]. The yield of high--energy rescattered electrons is orders of magnitude lower than that of the direct electrons [43] . Consequently, the high energy electrons are not clearly visible in the tomographic reconstructions [ Fig. 2 ] since the reconstruction algorithm projects small fluctuations in the low--energy photoelectron yield as noise at high energies. Thus, to observe these high--energy electrons, we look directly at a thin slice (width ≈ 0.15 atomic units of momentum) at the center of the time--delay--averaged photoelectron distributions.
As an electron is driven by the laser field, it can re--encounter the parent ion and undergo either "soft" (low--momentum transfer) forward scattering, which produces low energy structures [2, 33, 44, 45] , or "hard" (high--momentum transfer) backscattering, which can produce electrons at high final momenta [20] . The observation of these hard backscattered electrons is significant because they pass very close to the parent ion and have the opportunity to record information about the atomic or molecular structure [17, 18, [46] [47] [48] [49] . Also, the trajectories associated with these hard backscattered electrons are nearly identical to the trajectories that recombine to produce HHG. Thus, understanding the conditions that optimize the high--energy electron yield informs how to optimize the single--atom yield of HHG [20, 21] .
FIG. 3.
(Color online) a) Photoelectron kinetic energy spectrum resulting from SFI using one--color circularly polarized fields. The peak at ! was used to calibrate the experimental laser intensities. b--f) Comparison of the photoelectron spectra for counter--and co--rotating fields for various intensity ratios of the 395--nm and 790--nm fields. For co--rotating fields, little or no high--energy electron yield is observed. For the counter--rotating cases, an enhancement of high--energy electrons (green shaded region) is observed for !! / ! ratios of ~2, 9, and 18. The kinetic energy of the electron is expressed in units of the ponderomotive energy of the two--color field.
We find that counter--rotating fields provide significantly more high--energy electrons than co--rotating fields in situations where the !! / ! ratio is between ~2 and 9 [ Fig. 3c,d ]. This also corresponds to the approximate range where calculations (Section IV) suggest that electron--ion rescattering should occur in counter--rotating fields. When the !! / ! ratio is very low [ Fig.  3b ] or very high [ Fig.  3f ], the photoelectron distributions for the co-- and counter--rotating cases are very similar and exhibit a maximum in yield followed by sharp drop off. For !! / ! ratios between ~2 and 9 [ Fig. 3(c--d) ], the photoelectron distributions from the counter--rotating fields exhibit a "plateau" that extends the electrons to higher energies, in direct analogy to a similar rescattering--induced plateau observed in SFI [43] and HHG driven by linearly polarized fields [3] . This behavior cannot be explained in terms of the direct electrons (Section IV--A), but can be attributed to hard electron-ion rescattering [43, 50] .
IV. Discussion

A. Simpleman's model
The basic shape and symmetry of the direct photoelectron distribution can be estimated using the SMM, where a classical equation--of--motion can be used to calculate the final drift momentum of the electron resulting from the electric field of the driving laser. The electric field of the two--color circularly polarized laser is given by,
where is time, is the frequency, is the phase delay, ! is the maximum amplitude of the electric field, is the ellipticity, and are orthogonal unit vectors, the subscripts and denote the 790--nm ("Red") and 395--nm ("Blue") beams, and the positive (negative) sign in the second line specifies co(counter)--rotating fields. The electron momentum is given by, (2) where ! is the time the electron is ionized, and ( ) is the vector potential of the laser. The final drift momentum of the electron is obtained by retaining terms that do not oscillate in time. This approximation is valid when the electron does not leave the focal volume during the laser pulse [51] , a condition satisfied by the experimental conditions used in this study.
The major differences between the photoelectron distributions from co--and counter--rotating fields can be explained by considering the relationship between the electric field and the final drift momentum [ Fig. 4 ]. Since the ionization rate is highly nonlinear with the electric field [52] , the photoelectron distribution will be dominated by electrons that tunnel near the peak of the electric field. In the case of co--rotating fields, the peak of the electric field corresponds to the maximum of the final drift momentum. For counter--rotating fields, each peak of the field corresponds to a minimum of the final drift momentum. Thus, in the absence of electron-ion rescattering, co--rotating fields produce (on average) photoelectrons with higher energies than counter--rotating fields.
As the !! / ! ratio is varied, the minimum and maximum energy of the direct electrons changes [ Fig. 5 ]. In the limiting cases, where the !! / ! ratio approaches zero or infinity, the minimum and maximum electron energies both converge to ! , which is well--known for one--color, circularly polarized fields [42] . As the !! / ! ratio is varied, the minimum and maximum electron energies split and have a greatest separation for a !! / ! ratio of 4, which corresponds to the ! of each field being equal. Here the minimum and maximum energies reach values of 0 and 2 ! respectively, which resembles the case for one--color, linearly polarized fields [42] . While both co--and counter--rotating fields have the same minimum and maximum electron energy, the different relationship between and in the two cases [ Fig. 4 ] means that counter--rotating fields will produce a distribution that is peaked at the minimum electron energy, while co--rotating fields will produce a distribution is peaked at the maximum electron energy.
FIG. 4. (Color online) Electric fields (green dashed line) and final electron drift momenta (blue solid line).
The dots represent time--zero for each field and demonstrate that for counter--rotating fields, a maximum of the electric field corresponds to a minimum in the drift momentum. Conversely, for co--rotating fields, a maximum in the electric field corresponds to a maximum of the final drift momentum. The total intensity of each ratio is 2×10
!" Wcm --2 , and the light--blue circle indicates a final drift momentum of 2 ! . The electric field is scaled in order to be displayed on the same axes as the final drift momentum. The 2D photoelectron distributions can be estimated in the SMM [ Fig. 6 ] by weighting the final drift momenta by the tunnel--ionization rate, which depends nonlinearly upon the strength of the electric field [52] . In the SMM the effects of the Coulomb potential are ignored. As expected from Fig. 5 , counter--rotating fields drive a majority of electrons to low final energies when the fields are roughly equal, while co--rotating fields drive most electrons to higher energies. The photoelectron distributions from the SMM [ Fig. 6 ] agree well with the experimental data [ Fig. 2 ]. The shape of the distributions from co--rotating fields is not highly dependent on the intensity ratio, but for counter--
FIG. 5. (Color online)
Cutoff energies of the direct electrons for different intensity ratios. The largest separation of the minimum and maximum energies occurs when the !! / ! ratio is 4 (circles). These curves apply to both co--and counter--rotating fields. However, photoelectron distributions for counter--rotating fields have the greatest yield at the minimum electron energy (green), while photoelectron distributions for co--rotating fields have the greatest yield at the maximum electron energy (magenta).
FIG. 6. (Color online)
Photoelectron distributions of the direct electrons calculated using the simpleman's model (SMM) plotted on a log scale. The distributions are obtained by weighting the classically derived final drift momenta by the tunnel--ionization rates. The effect of the Coulomb potential is ignored and a Gaussian distribution of initial momenta is assumed. The total intensity for each ratio is 2×10 !" Wcm --2 , and the white, yellow, and red rings correspond to 2, 5, and 10 ! , respectively. rotating fields, several qualitatively different shapes are observed as the intensity ratio is varied. For example, when the !! / ! ratio is roughly equal [Fig.  6a,b] , three distinct ionization events can be seen. When the !! / ! is increased to 4 [ Fig.  6c ], the electrons are driven to a minimum in the momentum spectrum. As the !! / ! ratio is increased further to 16 [ Fig. 6d ], electrons are again driven to higher momenta.
To gain an intuitive understanding of how we can control the rescattering process by changing the relative intensity ratio, we analyzed the electron trajectories within the SMM and identified the likelihood for electrons to pass in close proximity to the parent ion [ Fig. 7 ]. In the SMM, the electron trajectories are entirely determined by the electric field of the laser, and the position and velocity of an electron can be determined by simply integrating = / ! ( ), where is the electron's acceleration, and ( ) is the electric field of the two--color laser field [Eq. 1] as a function of time. To estimate the probability of rescattering, electron trajectories were calculated for a number of different ionization times. If an electron then passed within 0.05 nm (about one Bohr radius) of the parent ion, the electron was considered rescattered, and the probability of this trajectory was weighted by the tunnel--ionization rate. This method for estimating the probability of hard electron--ion rescattering does not take into account effects such as the quantum--mechanical rescattering probability, which decreases the likelihood of hard rescattering by orders of magnitude. Nonetheless, this metric should predict at which intensity ratios hard rescattering (and HHG) is optimized.
FIG. 7. (Color online)
The fraction of electrons that pass within 0.05 nm of the parent ion provides an estimate of the probability for hard electron-ion rescattering and HHG. In the SMM, this type of electron-ion rescattering is optimized at a !! / ! ratio of 4 for counter--rotating fields (green), while for co--rotating fields (magenta), no electrons are driven back in close proximity of the parent ion.
For the counter--rotating case [ Fig. 7 , green curve], the probability of electrons being driven back in close proximity of the parent ion depends strongly on the intensity ratio. The number of close--proximity electrons reaches a maximum around a !! / ! ratio of 4, and the window where electrons pass within 0.05 nm of the ion spans from a !! / ! ratio of ~2 to ~9. This agrees very well with the experimental data [ Fig.  3 ]. More generally, the rescattering process optimizes when the ponderomotive energy for each individual driving laser field is the same, regardless of the frequencies of the two--color field (Appendix D). For the co--rotating case [ Fig. 7 , magenta curve], no electrons are driven back within 0.05 nm of the parent ion, which suggests that high--energy rescattering should be completely suppressed. However, this simple model ignores the Coulomb field and does not include initial momenta of the electron. Including these effects would increase the likelihood of electron--ion rescattering and broaden the range of relative intensities that could result in electron--ion rescattering. However, we expect the general conclusions of the SMM to remain valid: counter rotating fields return electrons to the ion much more effectively than co--rotating fields, and a !! / ! ratio of 4 should optimize the probability of electron-ion rescattering.
B. Numerical improved strong field approximation (ISFA) calculations
While the SMM provides qualitative understanding of electron dynamics in two--color circularly polarized fields, more sophisticated simulations can provide quantitative insight. An effective tool for providing such quantitative descriptions of atoms in strong laser fields is the improved strong field approximation (ISFA) [42, 53] . Previously, the ISFA has been successfully applied to study high--order channel closing effects [53, 54] , low--energy structures in ATI with linearly polarized fields [55] , above threshold detachment in two--color circularly polarized fields [54, 56] , and laser--assisted recombination [57] . In the ISFA, the exact S--matrix is expanded in a Born--series in the rescattering potential, where the zero--order term corresponds to the direct electron spectra, and the first--order term to the rescattered electron spectra. A realistic wave function of argon (Eq. 20 in Ref. [53] ) and an electron--ion rescattering potential (Eq. 21 in Ref. [53] ) were used to compute the transition amplitudes. The effect of the Coulomb potential on the outbound electron enters via the first--order expansion term. The ISFA photoelectron spectrum is calculated as a double integral over time (Eqs. 13--19 in Ref. [53] ), with an infinitely long laser pulse at an intensity of 2×10 !" Wcm --2 . The photoelectron distributions obtained via the ISFA numerical simulations are presented for two cases [Fig. 8] ; the total photoelectron distributions consisting of the direct and rescattering electrons, and the distributions solely composed of rescattered electrons. For cases when the !! / ! ratio is less than one [ Fig.  8(a,b) ], the total photoelectron spectra consists mostly of direct electrons, and therefore can be described adequately by the SMM. As the !! / ! ratio is increased to values of 1,4 and 8 [ Fig. 8(c--e) ], the shape of the co--rotating electron spectra doesn't change significantly from the lower ratio cases. However, for the counter--rotating cases, a plateau begins to form, indicative of backscattering [43] . As the !! / ! ratio is increased beyond 8 [ Fig. 8f] , the electron spectra for the counter--rotating cases loses the plateau structure, signaling that backscattering is again suppressed. For the co--rotating cases, the total and rescattering terms are identical in shape, but simply differ by a constant factor for all !! / ! ratios, indicating backscattering does not play an important role.
The dark green shaded region in Fig. 8 highlights the difference between the total photoelectron yield for the co--and counter--rotating cases, and agrees well with the experimental data [ Fig. 3] . Additionally, the difference in just the rescattered electron contribution between the co--and counter--rotating cases is highlighted in Fig.  8 by both the light and dark green shaded regions. The difference in the rescattering term confirms that the high--energy plateau is indeed dominated by rescattered electrons, and that the window over which hard backscattering occurs ranges from !! / ! ratios of approximately 1 to 8 and is optimized at a ratio of 4. (Fig.  3) , showing an enhancement of high--energy electrons (dark green region) that result from hard electron--ion backscattering and are seen in the counter--rotating case when the !! / ! ratio is 1, 4, and 8 with a maximum at 4. The rescattering term (dashed/dotted lines) of the ISFA shows an even greater enhancement (light + dark green shaded regions) of the hard rescattered electrons. This effect is masked in the experimental spectra as co--rotating cases can drive the more populous direct and soft rescattered electron to fairly high energies. The total intensity for each ratio is 2×10 !" Wcm --2 , and the kinetic energy of the electron is expressed in units of the ponderomotive energy of the two--color field.
One striking feature of the photoelectrons distributions is the broadening of the spectral width as the !! / ! ratio is increased. This trend is explained by Delone and and Krainov [58] . In this paper, the photoelectron distribution as a function of the electron's final drift energy is calculated for ionization by a one--color circularly polarized laser field, where no rescattering takes place. This equation (Eq. 33 in Ref. [58] ) can be recast into a form more relevant to this manuscript:
where is the ionization rate, !"# is the maximum of the rate, which depends on the laser intensity, is the final drift energy of the electron, ! is the ionization energy of the atom, and and are the intensity of the frequency of the driving laser field, respectively. In the simulations ! and are held constant, so the width of the photoelectron spectrum, as given in terms of / ! , solely depends . In the limits where one or the other frequency is dominant, this formula agrees well with the ISFA simulations, showing that as the !! / ! is increased, which in effect increases the total frequency of the two--color field, the photoelectron distributions become broader. One slight difference, is that in Eq. (3) the maximum in a one--color circularly polarized field is always at ! , however in a two--color circularly polarized field this maximum changes depending on the !! / ! ratio, as described in Fig. 5 .
C. Classical trajectory Monte--Carlo simulations
The effect of electron--ion rescattering in two--color circularly polarized fields was further studied in a semi--classical context by carrying out classical trajectory Monte--Carlo (CTMC) numerical simulations. In these simulations, electrons are placed into the continuum at an appropriate tunneling distance with their tunneling time and initial momentum given by random sampling. In the CTMC simulations, the two--color field was given by Eq. (1), but with an additional pulse envelope with a full--width at half maximum (FWHM) of 20 fs. Ionization was restricted to +/-- 2.67 fs near the peak of the pulse (corresponding to two cycles of the 790--nm field), and the probability of ionization was weighted by the tunnel--ionization rates [52] . The longitudinal and transverse initial momenta were randomly sampled from a Gaussian distribution centered at zero momentum with a standard deviation of 0.25 atomic units of momentum. For further details, see Appendix A.
In similar fashion to the ISFA simulations, the CTMC results are shown for two cases [Fig. 9] ; the total photoelectron yield (solid lines), and for only those electrons considered rescattered (dashed and dotted lines). In the CTMC approach, an electron is considered rescattered if it returns with 0.05 nm of the parent--ion. The CTMC results agree well with both the experiential results [ Fig.  3] , and the ISFA simulations [ Fig.  8 ], in that an enhancement of high--energy electron occurs when the !! / ! ratio is between 1 and 8, and optimizes at a ratio of 4 (shaded green regions). Although the CTMC and SMM simulations are both classical in nature, the CTMC simulations offer a more accurate description of rescattering in both co- and counter--rotating fields for two reasons. First, the CTMC simulations include the Coulomb potential, which serves to attract electrons that would otherwise not return to the parent ion. Second, the CTMC simulations incorporate a non--zero initial momentum of the electron, which enables a much larger variety of electron trajectories than the SMM, which assumes an initial momentum of zero. Additionally, when one or the other frequency is dominant, the spectral width of the photoelectron distributions agrees with the width predicted by Delone and Krainov [58] (see section IV--B). (Fig. 3) , showing an enhancement of high--energy electrons (dark green region) that result from hard electron--ion backscattering and are seen in the counter--rotating case when the !! / ! ratio is 1, 4, and 8 with a maximum at 4. The photoelectron yield composed of only hard rescattered electrons (dashed and dotted lines), where an electron is considered rescattered if it passes within 0.05 nm of the parent--ion, shows an even greater enhancement (light + dark green shaded regions) of the hard rescattered electrons, agreeing with the ISFA simulations [ Fig. 8 ]. The total intensity for each ratio is 2×10
!" Wcm --2 , and the kinetic energy of the electron is expressed in units of the ponderomotive energy of the two--color field.
V. Conclusion
We investigated strong--field ionization in two--color circularly polarized fields as a function of the relative intensity of the 790--nm and 395--nm driving fields. We experimentally recorded three--dimensional photoelectron distributions across a broad range of intensity ratios and showed that the intricate shapes of these distributions can be described using a simple analytical model. Additionally, we presented the first experimental observation of high--energy rescattered electrons in these fields, and found the conditions that optimized electron-ion rescattering. Advanced numerical simulations confirm our experimental results, and refine the parameters that optimize rescattering and the single--atom yield in high harmonic generation. Specifically, we found that the window of !! / ! ratios under which significant rescattering occurs is fairly broad, and is optimized near ratio of 4. In general, the rescattering process optimizes when the ponderomotive energy for each field is equal, regardless of the frequencies of the two--color field. In addition, both the experimental data and numerical simulations show that rescattering in co--rotating fields is highly suppressed compared to counter--rotating fields.
FIG. 10. (Color online)
Photoelectron distributions from CTMC simulations for counter--rotating fields, for when the Coulomb potential of the parent ion is not included (a--d) and included (e--h), plotted on a log scale. High--energy rescattered electrons are prominent when the !! / ! ratio is 4 and 8 (f and g). Additionally, there is a noticeable rotation of the distributions when the Coulomb potential is included, demonstrating the effect of the parent ion on the electron trajectories. The total intensity for each ratio is 2×10 !" Wcm --2 , and the white, yellow, and red rings correspond to 2, 5, and 10 ! , respectively. Finally, the CTMC simulations reveal a slight twist of the photoelectron distributions when the Coulomb potential is introduced. This effect can be seen clearly by comparing the lobes in Fig.  10a with those in Fig. 10e , which appear to have been stretched in a counter--clockwise fashion. Interestingly, while a counter--clockwise twist is seen for all !! / ! ratios in the co--rotating case [ Fig.  11 ] - where both fields rotate counter--clockwise -, both helicities of twist can be seen in the counter--rotating cases. Specifically, when the field (which rotates counter--clockwise) is high, the photoelectron distribution is twisted in the counter--clockwise direction. However, when the 2 field (which rotates in the clockwise direction) is high, the distributions twist in the clockwise direction (cf. Figs. 10(c) and 10(g)). FIG. 11 . (Color online) Photoelectron distributions from CTMC simulations for co--rotating fields, for when the Coulomb potential of the parent ion is not included (a--d) and included (e--h), plotted on a log scale. In comparison to the counter--rotating case [ Fig.  10] , there is still a rotation of the distributions due to the effect of the Coulomb potential on the electron trajectories, however there is no significant enhancement of high--energy electrons for any intensity ratio. The total intensity for each ratio is 2×10 !" Wcm --2 , and the white, yellow, and red rings correspond to 2, 5, and 10 ! , respectively. This twist in the photoelectron distribution is due to the Coulomb potential's effect on the electron trajectories. Interestingly, the twist is not completely symmetric and, in particular for counter--rotating fields, the three--fold reflection symmetry predicted by the SMM model [ Fig. 6 ] is lost when the electron strongly interacts with the Coulomb potential. The effect can also be seen in the experimental data [ Fig. 2] , and the theoretical models that include electron--ion interactions [Figs. 12, 13] . Additional details of the implementation of the CTMC method include that for each set of initial conditions, the differential equations of motion for the electron were solved using the Livermore Solver for Ordinary Differential Equations with automatic switching between stiff and non--stiff problems (LSODA) [59] as implemented in ODEPACK [60] and incorporated in SciPy [61] . In general, trajectories that do not pass near the parent ion are considered by the integrator to be non--stiff and are integrated using a traditional multistep method (Adams--Moulton), while trajectories that pass close to the parent ion are treated with a method optimized for stiff differential equations (backward differentiation formula). This automatic switching method provides computational efficiency while maintaining the accuracy of the solution even for electrons that undergo a substantial velocity change while in close proximity to the parent ion. The initial step size was 10 --20 sec, the maximum step size was 5×10 !!" seconds, and the electron trajectories were simulated for 
Appendix C: 2D photoelectron distributions from ISFA simulations
Although the integrated yields of the ISFA simulations [ Fig. 8 ] highlight the agreement with the experimentally recorded data [ Fig. 3 ], the 2D photoelectron distributions obtained from the ISFA simulations reveal additional information about the hard electron--ion rescattering process. High--energy structures corresponding to hard electron-ion backscattering can be seen in the counter--rotating case for !! / ! ratios of 4 and 8 [ Fig. 13(b,c) ]. In both cases, the high--energy rescattered electrons resemble three offset rings. These structures indicate that there are three major electron--ion rescattering events per laser cycle. The center of each ring is displaced from zero--momentum by the vector potential at the time of rescattering, and the radius of each ring indicates the electron momentum at the time of rescattering. In addition, the ISFA simulations include electron interference effects, and consequently show much more structure in the electron distributions than the SMM or the CTMC simulations, which ignore such effects.
FIG. 13.
(Color online) 2D photoelectron momentum distributions numerically simulated using the rescattering term of the ISFA simulations for different intensity ratios plotted on a log scale. The ISFA shows significant high--energy rescattering for counter--rotating fields when the !! / ! ratio is 4 and 8 (b and c, respectively). The "hole" in the center of the distributions is a result of the energy conserving condition (Eq. 12 of Ref. [53] ) that must be satisfied in the ISFA simulations. The total intensity for each ratio is 2×10 !" Wcm --2 , and the white, yellow, and red rings correspond to 2, 5, and 10 ! , respectively.
The basic shape of the rescattering term of the ISFA [ Fig. 13 ] agrees with that of the 2D experimental photoelectron distributions [ Fig.  2 ]. The rescattering term also reproduces the direct electron contribution because, in the ISFA, even electrons that interact very weakly with the parent ion are considered rescattered electrons.
Appendix D: Optimizing electron--ion rescattering for other driving wavelengths
To generalize the concept of how the yield of backscattered electrons depends on the intensity ratio of the two--color counter--rotating field, the SMM was used to calculate electron trajectories that passed within 0.05 nm of the parent ion (Section IV--A) for different combinations of driving laser wavelengths. Three cases are shown in Fig. 14: 790 nm + 263 nm ( , 3 ), 790 nm + 395 nm ( , 2 ), and the non--commensurate ratio of 1300 nm + 790 nm ( , 1.64 ). The non--commensurate case is important as these wavelengths were used to generate bright circular soft X--ray high harmonics that were used to perform the first tabletop XMCD measurement at the gadolinium N--edge [30] .
FIG. 14. (Color online)
The fraction of electrons that pass within 0.05 nm on the parent ion, plotted for two--color counter--rotating fields at various driving laser wavelengths. Hard electron--ion rescattering is optimized when the ! of the fields are the same. In each case, the vertical lines indicate the intensity ratio that provides equal ! for the two fields. In each of the cases hard electron--ion rescattering should be optimized when the ! of each field is the same. In general if the two--color field is composed of driving lasers at frequencies and , the optimum !" / ! ratio is ! , as ! ∝ 1/ ! . This can be seen in Fig. 14 where the 790--nm + 263--nm case optimizes at ~9, the 790--nm + 395--nm case optimizes at ~4, and the 1300--nm + 790--nm case optimizes at ~2.7. This is can be extended to the case for a ( , ) counter--rotating field, where equal intensities give equal ponderomotive energies, and describe a linearly polarized field. Importantly, this result suggests that efficient rescattering (and therefore HHG) can occur even with small amounts of longer--wavelength light. Since nonlinear frequency conversion processes are typically inefficient, two--color HHG schemes based on frequency down--conversion -rather than up--conversion -should be especially successful.
